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MARTIN COMPACTIFICATION OF A COMPLETE SURFACE 
WITH NEGATIVE CURVATURE 

HUAI-DONG CAO AND CHENXU HE 


Abstract. In this paper we consider the Martin compactification, associated 
with the operator £ = A — 1, of a complete non-compact surface T? with 
negative curvature. In particular, we investigate positive eigenfunctions with 
eigenvalue one of the Laplace operator A of YP" and prove a uniqueness result: 
such eigenfunctions are unique up to a positive constant multiple if they vanish 
on the part of the geometric boundary S'oo(Ll^) of where the curvature is 
bounded above by a negative constant, and satisfy some growth estimate on the 
other part of S'oo(LI^) where the curvature approaches zero. This uniqueness 
result plays an essential role in our recent paper EH in which we prove an 
infinitesimal rigidity theorem for deformations of certain three-dimensional 
collapsed gradient steady Ricci soliton with a non-trivial Killing vector field. 
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1. Introduction 

In this paper, we consider the Martin compactification of a complete non-compact 
surface (S^,ds^) with negative curvature. In particular, we investigate positive 
eigenfunctions with eigenvalue one of the Laplace operator A of (E^, ds^) and prove 
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a certain uniqueness result. The problem arises in our study of deformations of 
three-dimensional collapsed gradient steady Ricci solitons m- 

A classical result due to G. Herglotz |He| says that any positive harmonic function 
u on the unit disk has an integral representation 


u{x) = [ K{x,Q)da{Q), 

where K{x, Q) is the Poisson kernel of and cr is a finite positive Borel measure. 
A fundamental generalization of the above formula to bounded domains in M" was 
given by R. Martin in |Ma) . He showed that an analogue of the above representation 
formula holds in complete generality, where the integral is taken over an ideal 
boundary, called the Martin boundary, defined in terms of the limiting behavior 
of a Green’s function. Later, Martin’s results were extended to the second order 
elliptic differential operators on complete Riemannian manifolds, see, e.g., |Ta] and 
the references therein. 

On a Riemannian manifold of non-positive curvature, there is a well-known com- 
pactification by attaching its geometric boundary that is determined by the asymp¬ 
totic behavior of geodesics at infinity, see m- A celebrated result by M. Anderson 
and R. Schoen |AS) states that on a negatively curved manifold (M", g), its Martin 
boundary with respect to the Laplace operator is homeomorphic to its geometric 
boundary, provided the sectional curvature is pinched between two negative con¬ 
stants. Thus the Martin compactification of such a manifold associated to the 
Laplace operator coincides with its geometric compactification. Anderson-Schoen’s 
result has been generalized by A. Ancona in |Anl] to weakly coercive elliptic oper¬ 
ators L using different techniques. In |Ba3| . W. Ballmann constructed examples of 
non-positively curved manifolds containing flats of dimension k > 2 such that the 
Martin compactification agrees with the geometric compactification. 

The Cartan-Hadamard surface (E^, ds^) we are concerned with is diffeomorphic 
to the upper half-plane K x (0,oo) with the length element given by 


( 1 . 1 ) 




e^y + lOe'^y + 1 

4(e2y _ 1)2 


(dx^ -I- dy^) 


for (x,y) € M X (0,oo). We are especially interested in characterizing non-negative 
functions W = W{x, y) on E^ such that 



r W,, + Wyy - P{y)W = 

(1.2) 

1 W(x,0) = 0 & dyW — \ coih{y)W > 

where 


(1.3) 

, , e'^y + IQe^y + 1 

Piv) ■ 

4(e2y _ 1)2 


Note that the Laplace operator of (E^, ds^) is given by A = P ^{y){dl + dy), hence 
such a function W is in fact an eigenfunction of A with eigenvalue one, 


AW = W. 


This problem of characterizing non-negative solutions of (0 arises in our study of 
the infinitesimal rigidity of deformations of the collapsed 3D cigar soliton N^xU, the 
product of Hamilton’s cigar soliton and the real line K with the product metrics, 
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as follows: consider any one-parameter family of complete three-dimensional gra¬ 
dient steady Ricci solitons g{t), f{t)) (0 < t < e), with (M^(0), g(0), f(0)) 

being the 3D cigar soliton x M, satisfying the following two conditions: 


• the metric g(t) admits a non-trivial Killing vector field for all t G [0,e), 

• the scalar curvature i?(t) of g(t) attains its maximum at some point on 
M^{t) for each t G [0,e). 


Then, the first variation of the sectional curvatures of g{ t), f{t)) produces a 

certain non-negative function W = W{x,y) on satisfying (1.2). The infinitesimal 
rigidity of the deformation essentially reduces to proving the uniqueness of such 
nonnegative eigenfunctions up to a positive constant multiple; see ici! for the 
details. This led us to consider the Martin compactification of (E^, ds^) associated 
with the operator £ = A — 1. 

It turns out that the Gauss curvature of is negative, bounded from 

below, but approaches zero along some paths to infinity. So we cannot apply the 
results of Anderson-Schoen m and Ancona |Anl| in this case. Nevertheless, we 
shall see that the Martin boundary with respect to the operator C is the same as 
the geometric boundary of (E^, ds^). Our first results are the following Martin and 
geometric compactifications of E^. 


Theorem 1.1. The Martin compactification ofTf associated with the operator C = 
A—1 is homeomorphic to the closed half disk E = {(rt, w) G -I- < 1, u > O}. 

On the Martin boundary i9E we have 

(1) the real line {(a:,j/) € : ?/ = O} is identified with {—1 < u < l,u = 0}; 

(2) the y-axis with y ^ oo is identified with the point (0,1); 

(3) the asymptotic ray y = xtanO is identified with the point ujg on the semi¬ 
circle 


{ujg = (cos 0, sin 0) : 6 G (0,7r/2) U (7r/2,7r)} C i9E. 


Remark 1.2. (a) Each ojg in case (3) can be approached by geodesic that is asymp¬ 
totic to the ray y = x tan 0 as x —)■ oo. 

(b) Under the topology in the Martin compactification, we have 


lima;e = (l,0) and lim = (—1, 0). 

0—>-0 9 —> 7 t 

These two points can be approached by geodesics which are asymptotic to 
y = log |x| as |x| —>■ oo. 

(c) We show that 9E is the minimal Martin boundary and determine the kernel 


function Kf,u}), see Proposition 6.1 and Theorem 6.6 


Theorem 1.3. The geometric compactification E o/E^ with the metric in (1.1) is 
homeomorphic to the Martin compactification E. 


The detailed description of E is given in Theorem 3.5 


Remark 1.4. In jCL) . using an elementary method, L. A. Caffarelli and W. Littman 
showed that for any positive solution u to the equation (A — 1) u = 0 on the 
Euclidean space IR" there exists a unique non-negative Borel measure g on the unit 
sphere S"“^ such that 

u[x) = f e^'‘^dg{uj). 
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It follows that the (minimal) Martin boundary of K" with respect to A — 1 is 
This is similar to the semi-circle part of when n = 2; note that, on along the 
ray y = xtanO the Gauss curvature approaches zero as |a;| —> oo. The geometric 
boundary of M" with the flat metric is also S"“^, i.e., any point on the Martin 
boundary can be reached by a geodesic. 


Remark 1.5. Since is conformal to the hyperbolic plane, the Martin 

boundary of associated with the Laplace operator A is given by the union 
of the real line {y = 0} and {oo}, the point at infinity, thus is different from the 
geometric boundary 9E. Note that the Laplace o pera tor A has zero as the bottom 
of the L^-spectrum, i.e., Ai(E^) = 0 (see Remark 2.6), and is not weakly coercive. 


The Martin compactification of a complete Riemannian manifold M with re¬ 
spect to an operator L is also related to the Dirichlet problem at infinity, i.e., given 
a continuous function / on the geometric boundary S'oo(M) of M, whether there 
is a unique L-harmonic function w on M such that w = f on ScaiM). When L 
is the Laplace operator A, the Dirichlet problem at infinity is always solvable if 
M has negatively pinched curvature —6^ < Km < (which was first proved 
independently by M. Anderson [Andj and D. Sullivan [Su] 1. or if M is one of the 
examples in [Bad] . Note that in both cases, as we mentioned before, there holds 
the stronger conclusion that Martin and geometric compactifications are homeo- 
morphic. We remark that the Dirichlet problem at infinity for A on a symmetric 
space M of noncompact type was investigated by H. Fiirstenberg [Fuj : in particular, 
he showed that the problem can be solved if and only if M has rank one. See also 
the earlier work of L.-K. Hua [HulllHu2lIHu3] on bounded symmetric domains. For 
more general Cartan-Hadamard manifolds of rank one (in the sense of [Ball [BS] L 
the solvability of the Dirichlet problem at infinity was proved by Ballmann |Ba2j . 
Moreover, the Poisson integral representation formula was established by Ballmann- 
Ledrappier |BL) . Meanwhile, H. 1. Choi |Chj . Ding-Zhou [DZj . and E. P. Hsu |Hs| 
have shown that the Dirichlet problem at infinity for the Laplace operator A is solv¬ 
able on certain negatively curved manifolds whose curvature approaches zero with 
certain rate. Very recently, R. Neel |Ne| has shown that the asymptotic Dirichlet 
problem for the Laplace operator on a Cartan-Hadamard surface is solvable under 
the curvature condition K < — (1 -|- e)/(r^ logr) (in polar coordinates with respect 
to a pole) outside of a compact set, for some e > 0. 

However, in our case. Theorem |1.3| and Remark 1 1.5 1 imply the following 

Corollary 1.6. The Dirichlet problem at infinity for the Laplace operator A on E^ 
is not always solvable. 


Remark 1.7. (a) We also characterize those functions f G (5'oo(E^)) for which 
the Dirichlet problem at infinity has a unique solution, see Remark ] 6.9 1 

(b) Corollary 1.6 gives a new example of a Cartan-Hadamard manifold for which 
the Dirichlet problem at inhnity is not solvable in general. Note that the curvature 
of E^ is bounded from below by a negative constant, but approaches zero expo¬ 
nentially fast as y —>■ 00 for each fixed x (see Remark 3.2). Previously, when the 
curvature of a Cartan-Hadamard manifold is assumed to be bounded from above by 
a negative constant but not from below, Ancona |An2j constructed a counterexam¬ 
ple to the solvability of Dirichlet problem at infinity. See also the work of Borbely 
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[ESI]- On the other hand, there are several papers on the solvability of the Dirich- 
let problem at infinity when the curvature lower bound has a quadratic growth 
condition |HM| . or certain exponential growth conditions |Boll iHsl [Jl] . 

An eigenfunction w G C°°(S) of the Laplace operator A with eigenvalue one is 
also referred as an A-harmonic function since £w = 0. Each boundary point oj € dS 
associates a kernel function K(-,uj) that is positive on E and £-harmonic. The 
Martin integral representation theorem implies that for any positive E-harmonic 
function w, there is a (unique) finite non-negative Borel measure u on 9E such that 

w{x,y)= K{x,y,uj)dv{u:). 

Jd± 

From this integral representation we derive the following uniqueness result of posi¬ 
tive eigenfunctions. 


Theorem 1.8. Suppose that W is a non-negative C-harmonic function on E which 
vanishes on the boundary {y = 0} and satisfies the following inequality: 

(1.4) W{a,y)>W{a,h)e^ when y>h 


for some point (a, 6) S E^. Then either W = 0, or it is a positive constant multiple 

of 


Wo{x,y) 


jey-ir 

e^y^J e^y — 1 


Remark 1.9. (a) Theorem 1.8 is used in m to prove an infinitesimal rigidity 
result of the gradient steady Ricci soliton = N'^xM., where N'^ is Hamilton’s 
cigar soliton |Ha] . 


(b) In m we used the statement of Theorem |1.8| with ( |1.4[ ) replaced by the 
inequality 

dyW — i coih{y)W > 0, 


which is a stronger assumption. 


Now we outline the main steps in the proofs. Since the metric of E^ is explicit we 
obtain an integral formula of Green’s function G{x, y) of C by the classical work of 
E. Titchmarsh in m- The Martin kernel function is derived by asymptotic expan¬ 
sions of G along various paths. In turn, it determines the Martin compactification 
of E. See Theorem 6.6 for Theorem o and Theorem |3.5| for Theorem |1.3[ while 
Corollary |1.6| is proved at the end of Section 6, and Theorem I_^ is proved in Section 
7. We refer to the table of contents for an overview of the paper’s organization. 
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discussions. Part of the work was carried out while the first author was visiting the 
University of Macau, where he was partially supported by Science and Technology 
Development Fund (Macao S.A.R.) Grant FDCT/016/2013/A1, as well as RDGOlO 
of University of Macau. 
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2. Preliminaries 

In this section we collect some basics of positive solutions to linear elliptic equa¬ 
tions on complete Riemannian manifolds and Martin compactification of a complete 
Riemannian manifold with respect to an elliptic operator L. 

2.1. Martin compactification of complete Riemannian manifolds. Let (M",g) 
be an n-dimensional complete non-compact Riemannian manifold and consider the 
operator L = A — 1. The results in this subsection hold for any second order linear 
elliptic operator L with uniformly Holder continuous coefficients and L{1) < 0, see 
for example m- 

Denote AM = {{x,x) : x G M} C M x M the diagonal set. Recall the following 

Definition 2.1. Let L be a second order linear elliptic operator on A 

Green’s function of L is a function G : Mx M\AM —>■ [0, oo) such that the following 
two equations hold: 

-L^ / G{x,y)(t){y)dy = (l){x) 

Jm 

and 

- G{x,y)Ly(j){y)dy = (fix) 

JM 

for any smooth function (f with compact support on M. 

Remark 2.2. Let be an exhaustion of M by relatively compact subsets 

with boundary, and let Gi be the unique Green’s function of L on Ui with the 
Dirichlet boundary condition, then we have 

G{x,y) = lim Giix,y) for all {x,y) € M x M\AM 

whenever the Green’s function G exists, see for example [Tal Proposition 5.6]. Such 
a Green’s function is called minimal, see m when L — A. 

We assume that L admits a Green’s function G. In the following we describe 
the Martin compactification from the limiting behavior of the Green’s function G, 
see also [Ba3| . Fix a reference point xq € M and consider the normalized Green’s 
function 

itxo = x = y 
otherwise. 

For any fixed y G M, the function K{-,y) is harmonic on M\ {y} and equals to 1 
at Xq. By the Harnack principle, any sequence {a;^} C M with dist(a:o, —?> oo 
has a subsequence {xi,^} such that {Ar(-,converges. The limit is a positive 
L-harmonic function on M with value 1 at xq. Now consider the space of all 
sequences {xi} in M with dist(a:o) oo such that {Ar(-,Xi)} converges. Two 

such sequences {xi} and {x)} in M are equivalent if their corresponding limit 
functions coincide. The Martin boundary d^M is defined as the space of equivalence 
classes. The Martin topology on = M U OlM induces the given topology on 
M and is such that a sequence {x„} C converges to w e d^M if and only 
if {K{-,Xi)} converges to Ki-,uj). The space is compact with respect to the 


( 2 . 1 ) 


K{x,y) = 


Gix,y) 

Gixo,y) 
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Martin topology and is called Martin compactification of M. The Martin topology 
on is equivalent to the one induced by the following metric: 

d{y,z)= / mhi{l,\K{x,y)-K{x,z)\} f{x)dvj:, 

JM 

where / : M —(0,1] is any positive continuous function and integrable on M. 
Recall 

Definition 2.3. A positive L-harmonic function w on M" is called minimal if for 
any L-harmonic function u > 0, u < w on M implies u = Cw for some constant 
0 < C < 1. A boundary point uj G d^M is called minimal if K{-,u}) is a minimal 
L-harmonic function. Denote dgM C d^M the set of all minimal boundary points. 

Next we collect some basic results on Martin kernels and Martin integral repre¬ 
sentations, see, e.g., [Mul Theorem 1.10] and |Tal Section 6]. 

Theorem 2.4. Let be a complete Riemannian manifold and L an elliptic 

operator on M with the Green’s function G. Then, 

(i) Any positive minimal L-harmonic function is a positive constant multiple of 
for some lo G dgM. 

(a) deM is a Gs set, i.e. a countable intersection of open subsets of BlM. 

(Hi) K{x,y) is continuous on {M x M^)\AM. 

(iv) For any positive L-harmonic function u, there exists a unique finite Borel 
measure v on OlM such that v{dLM\deM) = 0 and 


( 2 . 2 ) 


u{x) = / K{x,u))du{(jj). 

Ja„M 


2.2. Positive L-harmonic functions and Green’s function. Let U C M he a 

bounded domain. Then, the first eigenvalue of A on [/ with the Dirichlet boundary 
condition is given by 


Ai(t/) = inf |y jV/l^di; : supp/ J fdv 


= 1 


Denote Ai(M) the bottom of the L^-spectrum of A, then we have 

Ai(M) = hm Ai(C/0 
2—>-00 

where {Ui}'^^ is any exhaustion of M by relatively compact subsets with bound¬ 
ary. We recall the following well-known result of existence of positive L-harmonic 
function for L = A -|- A, see for example, lEEl Theorem 1]. 

Proposition 2.5. The equation Lu = Ait -|- Ait = 0 for A S K has a positive 
solution u on M if and only if X < Ai(M). 


Remark 2.6. Note that on the surface T?, the metric defined by (1.11 is asymptotic 
to the flat one as y approaches infinity, so we have Ai (S^) = 0. 

For an elliptic operator L, while a Green’s function always exists locally, the 
existence of global Green’s function requires extra conditions. The result below 
follows from |Tal Gorollary 5.13]. 

Proposition 2.7. A Riemannian manifold admits a Green’s function if 

either one of the following conditions holds: 

(1) The function 1 is not L-harmonic, or 
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(2) there are two non-proportional positive L-harmonic functions on M. 

In some special case where M" is diffeomorphic to K" and Lu = 0 is a separable 
equation, Titchmarsh showed that the Green’s function of L has an explicit integral 
form, see |Til| or |Ti2l Chapter 15]. 

Theorem 2.8. Let q{x,y) = qi{x) + 92 ( 2 /) be o, continuous function on = 
{{x,y) : x,y G M.}. Denote the Green’s functions Gi(x,^,A) and G 2 {y,rj,X) of the 
differential operators Li and L 2 respectively with 

Li = - qi{x) + \ and L 2 = - 92 ( 2 /) + A. 

dx^ dy^ 

Assume that the spectra of Li, L 2 are bounded below at X = a and X = f) respec¬ 
tively. Then for 3fi(A) < a -\- j3, the Green function G{x, y, rj, A) associated with 
the operator 


r, — 


_|_ _ 

Lj — 

dx^ 

9l/2 

’orm 

1 , 

^C +200 


has the following integral form 

^ ^c-hzoo 

(2.3) G{x,y,^,r],X) = — Gi{x,^, p)G 2 iy,V, X - p)dy 

ZlTt J Q—ioQ 

where the integral is taken along a straight line {c + iy} with 3?(A) — j3 < c < a. 

Remark 2.9. (a) The Green’s function G{x,y,£,,r], X) is constructed using the ex¬ 
haustion of by rectangles of finite size. It agrees with the construction of the 
minimal positive Green’s function in Definition |2.1| for complete Riemannian 
manifolds. 

(b) Similar formulae hold when there are more than two independent variables. 


3. Geometric compactification of the surface 

In this section we determine all geodesics on Y? and then the geometric com¬ 
pactification of E^, see Proposition 3.3 and Theorem 3.5 

Recall that the surface E^ = {{x^y) € M x (0,oo)} has the length element, see 


( 1 . 1 ), of the form 


ds^ = P{y) (dx^ -\- dy"^) 

with 

.0 1^ e^^ + lOe^^ + l 

(3-1) Piy) 4(g2y _ 1)2 • 

Clearly, ds^ is a positive definite warped product metric on K x (0,oo) so it is 
complete in a;-direction for any fixed y. It is also complete as y —)■ 00 since P{y) 
converges to j. When y —)■ 0 we have 

\/^ = ^ + + 0 ( 2 /'), 


2y 20^3 

hence it follows that the metric is also complete as 1 / —t 0. Therefore, (E^,ds^) is 
a complete surface. Moreover, its Gauss curvature is given by 


, , 96 e^y (e^y + 2e^y + ISe'^y + 2e^y + 1) 

Kly) = i 5 -A < 0, 

(e^y -h IQe^y + 1) 


(3.2) 
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thus 

4 

lim K{y) = — - and lim K{y) = 0. 

y-fO 3 y-^-oo 

Note that the minimal value itTmin = — § oi K{y) is achieved at y = log(2 + -s/S). 
To summarize, we have the following 

Proposition 3.1. with the metric g given by 

with negative Gauss curvature bounded below by 

Remark 3.2. Let r(y) denote the distance function to a fixed horizontal line I, say 
I = {(x, 1) : X € M}. Then, by (3.1) and (3.2), we have the following asymptotic 
properties: 


1.1), is a complete surface 


1 


as y 


and K{y) ~ —96e 
oo. In particular, K(y) approaches zero exponentially fast when y 


r{y) ~ 2 ^ 


Figure ^ shows the typical geodesics on E^. We sketch the geodesics passing 
through the y-axis at the point (0, a) with a > 0. The others can be obtained by 
translation in x-direction. 


• The vertical dashed blue line is of type (i) and it has constant value of x. 

• The red curves are of type (ii) and they have horizontal tangent vector. 

• The green curves are of type (iii) and they are asymptotic to y — log |x| for 
large |x|. 

• The purple curves are of type (iv) and they are asymptotic to the rays 
y = xtan0 for large |x| with 0 < 9 < n. 



Figure 3.1. Typical geodesics on E^ 


For the analytic formula of the geodesics of each type, see Proposition |3.3| below. 
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Proposition 3.3. All geodesics ofT,'^ can be obtained by translation in x-direction, 
the reflection about the y-axis or their combinations from the following ones through 
some point (0, a) with a > 0; 

(i) The y-axis. 

(a) The geodesic has the horizontal tangent vector at (0,a) and it is given by the 
following formula 


(3.3) x{y) = ± 


\fe^ 


10 - 

4^3 


^—2 Cl 


■ tan 


^■\/ 2 cosh 2 /-\/cosh( 2 a) — cosh( 2 j/)^ 


cosh( 2 ?/) — sinh^ a 


■ ' 


with y G ( 0 , a]. 

fiiij The geodesic has the slope of the tangent vector m 
given by the following formula 


(3.4) 


x{y) 


1 

7! 


(cosh y — cosh a) 


V3 

sinh a 


at (0, a) and it is 


with y € ( 0 , oo). 

(iv) The geodesic has the slope of the tangent vector m > at (0, a) and it is 

given by the following formula 


(3.5) x{y) = F(y) - F{a) 

with y G ( 0 , oo) and 

N V 3 + sinh^ a , 9 , , , , 

F{y) = ■ - - — ; log < (—3 + m sinh a) cosh(y) 

V ~3 + m? sinh"* a y 

(3.6) -f 7—3 + sinh*^ a\J (—3 + rn^ sinh*^ a) cosh^ y + 3cosh^ a + 2m^ sinh^ a 


Remark 3.4. The geodesics of type (i), (iii) and (iv) have no horizontal tangent 
vector at any point. If a geodesic has a horizontal tangent vector somewhere, then 
it can be obtained by translation in cc-direction from a geodesic of type (ii). 


Proof. First of all, the nonzero Christoffel symbols at any point {x, y) are given by 


■pi _ pi _ _ pz 

12 — ^ 21 — ^ 11—^22 


= Kv) 


with 


k{y) = -- 


I2e'^y{e'^y 


1 ) 


(Sy + 9g4y _ gg2!/ _ i ' 

So the geodesic equations are given by 

(3.7) x''{t) + 2k{y)x'{t)y'{t) = 0 

(3.8) y"{t) + k{y) {y'[tf - x'{tf) = 0. 

It is obvious that all vertical (half) lines are geodesics. Next, for any xq 
a > 0 we consider the geodesic 7 ( 1 ) passing through 7 ( 0 ) = {xo,a) G 
tangent vector 7 *( 0 ) = (I,m). Since the metric is invariant under the translation 
in ^-coordinate and the reflection about the y-axis, we may assume that xq = 0 
and m > 0 . 


e K and 
with 


From equation (3.71 we get 


x'{t) = 


Cfle^y - Ifl 
e'^y + lOe'^y -\-1 


(3.9) 
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for some constant Ci. Since ai'(O) = 1 and 1/(0) = a we have 


„4a 


Cl = 


+ 10e^“ + 1 

(g2a _ 


Let s{y) = t'{yY, then the second equation (|3.8[) can be written as 


0 = 


s'(y) 


{e^y - 1) {e*y + lOe^y + 1)^ - 121:71^ {e^y - 1)'‘ {e^y + e^y) siy) 


2s(j/) 

+12 {e^y + e'^y) (1 + + e^yf . 

It follows that 

{e'^y + lOe'^y + 1 )^ 


(3.10) 


siy) = z 


( e2y _ 1)^ ((^2 ( e^y + lOe^y + 1) + UCfe ^ v ) 


for some constant (72. 

When TO = 0, since y'(0) = 0 with j/(0) = a the denominator of s(a) vanishes 
and thus we have 

- - 


Co=- 


12e2“ (e4“ + 10e2“ + l) 


(e2“ - 1)^ 

Equations (3.9) and (3.10) imply that 
dx , \/e2“ + 10 + 

(3.11) 


= ±- 


sinh(y) 


dy -Jq A/cosh(2a) — cosh(2?/) 

Integrating the equation above yields the formula ( |3.3[ ). 

When TO > 0, the constant C 2 can be solved from equation s(a) = 1 /to^ as 

(e 4 “ + 106^“ + 1) [ m ^ ie ^^ - 1)^ - 12e2“) 


Co = 


(e2“ - 1)^ 

•yi(H-~2~coSi(2a) sinh(i/) 


= to^(7i - 


3(7i 
sinh^ ( 


and we have 
dx 

dy y^(6 + 5m?) cosh(2a) — (6 + m? — m? cosh(2a)) cosh(2?/) — hm? 


(3.12) = 


•\/3 + sinh^ a sinh(?/) 


■y/— (3 — rn? sinh^ a) cosh^ 2/ + 3 cosh^ a + 2m? sinh^ a 


We separate the discussion into three different cases according to the sign of the 
coefficient 3 — m? sinh^ a. If 3 — sinh^(a) > 0, i.e., m? < ^.^^2 ^ , then equation 
(3.12) has the solution x{y) = H{y) — H{a) with y G (0,?/o] and the function H is 
given by 


Hiy) = 


with 


•\/3 + sinh^ ( 


ptan 


•\/3 — to 2 sinh^ a cosh(j/) 


\/3 — w? sinh^ a y (3 — m? sinh^ a) cosh^ 1/ + 3 cosh^ a + 2rri^ sinh^ 


2/0 = cosh 


-1 


1 3 cosh^ a + 2 to 2 sinh^ a 


3 — m? sinh^ a 

Note that the geodesic 7 has horizontal tangent vector at ix{yo),yo) and it can be 
obtained by translation in x-direction x ^ x + x{yo) from the geodesic in case (ii) 
with a = 2/0- 
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If 3 — m? sinh^(a) = 0, i.e., ^ 

x{y) given in case (iii). 

If 3 — sinh^(a) < 0, i.e., „ 

as in case (iv). This finishes the proof. 


, then equation 


, then equation 

□ 


3.12) has the solution 


3.12) has the solution 


Theorem 3.5. The geometric compactification ofTt'^ is homeomorphic to the half 
disk 11= {(u,r!) S < l,u > 0 }. On the geometric boundary ^00 (S) = 

9S we have 

(1) the geodesies that approach to points of the real line {{x,y) G : y = 0} 
are identified with points of the interval {—1 < u < l,u = 0 }, 

(2) the vertical half lines with j/ —>■ 00 are identified with the point ( 0 , 1 ), 

(3) the geodesics asymptotic to x = (coshy — cosh a) for some a > 0 are 
identified with the point (± 1 , 0 ), 

(4-) the geodesics asymptotic to x = ± {F{y) — F(a)) with F given in equation 
(3 . for some a > 0 are identified with the point uig = (cos 0, sin 0) ((9 G 
(0,7r/2) U with 

—3 ± sinh^ a 
\/3 ± sinh^ a 


(3.13) 


tan 0 = ± 


x/ 


and m > 


±3 

sinh a ' 


Proof. Without loss of generality we consider the geodesic 7 (t) starting from the 
point (0,1) G S, i.e., 7 ( 0 ) = (0, 1). We choose the parameter t such that | 7 '( 0 )| = 1. 
If 7 '( 0 ) = (0, 1), then ^{t) with t > 0 is the y-axis with y > 1. If 7 ^( 0 ) = (0, —1), 
then it approaches to (0, 0) G along the y-axis with 0 < y < 1. Next we assume 
that 7 '( 0 ) is not parallel to the y-axis. Denote by (f the angel from the positive 
cc-axis to 7^(0) and m = idvaf). We consider the case when (p G (— 7 r/ 2 , 7 r/ 2 ). The 
argument for p G ( 7 r/ 2 , 37 r/ 2 ) is simi lar. 

we see that when m < 7 (t) approaches 

the limits lim(_,,oo 7 (t) cover the whole positive 
cc-axis (0, 00). When m = geodesic is given by a; = ^ (coshy — cosh 1) 

and it is asymptotic to the curve y = logo: for large cc > 0. When m > 

the geodesic is given by a; = F{y) — F(l) as F in equation (3.6). It is asymptotic 


From the proof of Proposition 3.3 

to the positive a;-axis as t —)■ 00 and 

%/3 


to the ray y = 


^ —3-t-m2 sinh^(l) 


X for large a: > 0. So we have the homeomorphism 


y^3-t-sinh^(l) 

from the directions at ( 0 , 1 ) G E to S'oo(E) such that (p = — 7 r /2 is identified with 
( 0 , 0 ), p = -K12 with ( 1 , 0 ), m G (— 00 , -s/S/ sinh(l)) with {(u, 0 ) : 0 < at < 1 }, m = 
\/3/sinh(l) with (0,1), and m G (-x/S/sinh(l), 00 ) with (cos 0, sin 6 *) (0 <Q < 7 r/ 2 ) 
by equation (|3.13 ) with the plus sign. □ 


4. The minimal Green’s function of the operator £ = A — 1 
In this section we prove an integral formula of the Green’s function G(a;, y, r\) 


of £ = A — 1, see Theorem 
given by 


4.4 


Recall that the Laplace operator of (E^,(is^) is 

^ = p-\y){dlpdl\ 
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SO we have 

C = /\-l = p-\y){dl + dl-P{y)). 

Here and in Section 5 we shall use various properties of certain special functions, 
e.g., the Gamma function, the Gauss hypergeometric function, etc. We refer the 
reader to |DLMF) and [OLBC| for more details. 

First of all, we define a few relevant functions for the rest of the paper. These 
functions arise in the study of the spectral properties of the differential operator 
A = —D^ + P(x) defined on (0,oo), see Appendix [a| For any complex number 
A G C, we write 


1 

4 


- A = 


and define the function 


with r > 0 and (j) € [—tt, tt) 


(4.1) 



/re 


If we use the phase angle 0 G [0, 27r) instead and write 

A — i = re*® with r > 0 and 0 G [0, 27r), 

then we have 


(4.2) 


a(A) = —iy/r' 


re 


The function a(A) has branch cut along [j,oo). Using a 
following functions for A G C and y > 0: 


(4.3) 


a(A) 


r(i + a)r(f - a) 
r(l-a)r(f +a)’ 


a(A) we define the 


(4.4) w,iX,y) = - 1) ^ p i + «; , 

(4.5) W2{X,y) = e(^+‘^^y(e^y-l)-h(^-^,-^-a,l-a;e-^yy 

Here F(a, 5, c;^) = 2 Fi{a,b, c; z) is the Gauss hypergeometric function. We also 
denote 


(4.6) Wa{X,y) = wi+a{X)w2, 

(4.7) Wb{X,y) = wi. 

The Wronskian of Wa and Wb is computed in the proof of Theorem A.2 and is given 

by 

(4.8) W{wa,Wb) = -2aa(A). 


We define the following differential operators: 
(4.9) Li = 

L2 = 


^-X 
dx^ ’ 


dj/2 


(4.10) 


P{y) + A. 
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Lemma 4.1. The Green functions Gi of Li (i = l,2) are given by 


(4.11) Gi(x,^,-A) 

(4.12) G2(y,??,A) 


2 yA ’ 

wi{X,y)wi{X,r]) W 2 {X,y)wi{X,r]) 
2aa{X) 2a 


for 0 < y < r] < oo. Here y/X = if X = with p> 0 and (j) £ [—7r,7r). 

Moreover the Green function Gi{x, —X) has the branch cut along X £ (—oo,0]. 


Proof. The Green function Gi of Li is well-known. We now show the formula of G 2 . 
From the proof of Theorem A.2 we know that L 2 {wa{X,y)) = L 2 {wb{X,y)) = 0, 
Wa is square integrable near y = 0, and Wb is square integrable near y = 00 . Thus, 
we have 


G2{y,V,X) = 


WaiX,y)wbiX,r]) 


W{wb,Wa) 

and it gives the desired formula after the substitution by wi and W 2 . 


□ 


In the following we determine the singularities of G 2 (j/,r 7 , A) for fixed y,ri £ 
(0, 00 ). First we prove an identity of hypergeometric functions in wi and W 2 . 


Lemma 4.2. We have the formula 

/II 


r{l- z)T{3/2 + z) 

e-^y 

~ r(i + z)r{3/2 - z) 
yi _ e - 2y 


2 ’ 2 


z,l — z]e 


-2y 






(cosh y) ^ tanh = (y)sin(7rz) F 


1 51 3 „ ,2 


for any z G C and y £ (0,oo). Here the function (coshy) ^ is defined by 

(cOShy)-^ =e-^‘°S coshy _ 

Proof. It follows from the connection formula [DLMFl 14.9.15] of Legendre func¬ 
tions that 


_ P^ f^{x) ^ 2 sini^^ g-h^i 

T{v + yL-\-l) V{v — y + l) tt F(i/-|-y-|-1) ’ 

where y,,v £ C. and a: G K. From |DLMF1 14.3.6-14.3.7], when x £ (l,oo) the 
Legendre functions can be represented by the hypergeometric functions as 




X + 1 

X — 1 


r(l-y) 






+ y + l)(a:^ ~ p f ^ 
2 '^+^x''+^^+W{v + i/ 2 ) 


1 

V H —u 
2 2^ 


2 
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In the equation of Q^{x), it is assumed that ^ -1,-2,_ Applying the 

connection formula with = z, u = f and x = cothy, we obtain 


ozy 


r(i-z)r(3/2 + z 


P,'3 1 1 

* 2 ’ 2 ’ 


_-ll- 

r(l + z)r(3/2-z) ^2’ 2’ 


1 


1 - e^y 


sin TTz tanhs {y) ^ 
The transformation formula 


1 5 1 

2^+4’2"' 


^,2;tanh^?/ 


F (a, &, c; w) = (1 — w) “F 


5, 


w — 1 


implies that 


1 3 


F ± 1 = (1 - e-.)»F 1 ±.; _ 

which gives us the desired identity. When z + \ = —1, —2,..the first term on 
the left hand side vanishes as r(3/2 + z) goes to infinity and the identity still holds 
where the hypergeometric functions reduces to polynomials. □ 

Lemma 4.3. For any fixed y,ri G (0, oo), the Green funetion G' 2 (y,??, A) has the 
branch cut along [|,oo) and is analytic on the principal branch. 

Proof. Since G 2 is the Green function of the differential operator L 2 , it is analytic 
for non-real A € C\K. We discuss the singularities of G 2 on the real axis. 

From the formulas of wi, W 2 and a(A) given in (4.3)-(4.5), it has branch cut along 
A G [j, 00 ). By Lemma 4.2 G 2 can be written as 

^ 2 ( 2 /, 17 , A) : 


„{l-a)ri 




2ay'{e'^y - l)(e2’? - 1) 

+e(i+“)^F - a, 1 - a; | F + a, 1 + a; 

(cosh!/)”“ tanh^ (y)F 




1 51 3 „ ,2 

2 «+ 2 “ ^: 2 ;tanh y 


2oL\f^\J\ — e 

sin(7ra)r(l — a)r(3/2 + a)F ^~2 ’ ~ 2 ^ • 

Since sin(7ra) = 0 when a is an integer and the Gamma and hypergeometric func¬ 
tions have only simple poles, the possible poles of G 2 are given by 3/2 -|- a = —n 
for n = 0,1, 2,..., i.e., a = —{n + 3/2). Note that ia = with | G [0, tt), this 

case does not exist and so G 2 is analytic in A. □ 

Note that the Green function of C = A — 1 is the same as the one of L = 
9x + 9y~ P{y)- From Theorem 2.8 for any real constant c G (0, j), the Green 


function of the operator L = -f dy — P{y) is the given by 
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Theorem 4.4. The Green function G{x, y, rj) of the operator £ = A — 1 and 
L = + dy — P{y) has the following integral form: 


(4.14) 


-|x-{|-ys 2 +i 


I f°° _ e-|a^-<IV® 

G{x,y,^,r]) = — / {a(5)w(s, y)w{s, y) + w{s, y)w{s, rj)} - — 


-ds 


or 

(4.15) 


-k-4l-\/s^+i 


I r°° _ 

G{x,y,^,y) = - / {a{s)w{s,y)w{s,y)+ w{s,y)w{s,y)} - , 


-ds 


for y,p G ( 0 , 00 ) and x,^ € K with {x,y) and the integral in (f.ld) takes 

the principal value. Here, for s > 0, 

r(i-is)r(3/2 + is) 


(4.16) 
and 

(4.17) 


a{s) =: a(l/4 + s"^) = — 


r(l + is)r(3/2-is) 


'j{s,y) = 


,{l-is)y /II 

F (“ 2’“2 + *'5 ’1 ^ 


Ve'^y - 1 

fory e (0, 00 ). 

We need a lemma that will be used in the proof of Theorem |4.4| 
Lemma 4.5. We have the following asymptotic expansions: 

r(i + z)r(3/2-0) i-4z2/. 1 


r(i - z)r(3/2 + z) 


4z2 

(l_e-2y)5 ( 1 - 

when \z\ —)■ 00 . Here argz G [— 7r,7r). 




1—-Z ^+0{z ^) ) tan(7rz) (|argz|<7r), 
3 


1 


4(1 + z) 1 — e^y 


+ 0{z-^) 


Proof. We show the Hrst formula which involves gamma functions. Since 

r(i + 2 ) = zr(z) 


and 


we have 


r(z)r(-z) = -— 


z sin(7rz) ’ 


r(l-z) = -zT{-z) = - 


sin(7rz)r(z) 

TTZ 1 

sin(7rz) r(l + z) 


Since 


rU + ^ = r(3/2) 


1 


cos(7rz) 
7r(l — 4^2) 

4 cos(7rz) 


(l-4z^) 





















MARTIN COMPACTIFICATION OF A NEGATIVELY CURVED SURFACE 


17 


we have 


r(3/2 -z) = 


7r(l — 4z^) 


1 


4 cos(7rz) r(3/2 + z)’ 

It follows that when jzl —> oo we have 

r(l + 0)r(3/2 — z) r(l + sin(7r2:) 7r(l — 4z^) 


r(3/2 + nz 4cos(7rz) 
(1 — 4z^) sin(7rz) / r(l + z) 


4z cos(7rz) \r(3/2 + z) 
(1 — 4z^) sin(7rz) 3 


r(l-z)r(3/2 + z) 


■ 2 , X 1 1 - ) 

4z^ cos(7rz) \ 8 

In the last step we have used the following expansion for large |z| with |argz| < tt: 

r(z + a) 


riz + p) 




Next we consider the hypergeometric function. From the transformation formu¬ 
las we have 

0 - 2 ?/ 


F ( ~nT~n z,l z', e 


-2y _ 


= --,-,1 + z;- 


1 3 


2 2 
1 3 


e- 2 y _ 1 
1 


Write z = u + iv with u, i; S K. Then we have 

1 „ 1 


(y > 0) 




and 


|1 -I- z -I- n| = \/{n + l + uY + > 1 

for all n = 0,1,2,.... So from |DLMF1 Section 15.12] we have the following asymp¬ 
totic expansion 


( 2’2’^“^^4-e2!/ 


E ( 2)^(2)^ __1 

_ (l + z)«s! (l-e2.)^^ ^ ^ 


for any fixed m = 1,2,.... Letting to = 2 in the formula above gives us the desired 
expansion. □ 


Proof of Theorem \4-4\ First we show that formulas (4.14) and (4.15) are equivalent. 
Note that d(s) = a(—s) and w{s,y) = w{—s,y). It follows that the real part of 

a{s)w{s, y)w{s, rj) + w{s, y)w{s, y) 

is an even function in s and its imaginary part is odd in s. So the two integral 
formulas are equal. 

In the following we show formula (4.14). We first assume that y < y. Consider 


the simple closed contour fl in Figure 4.1 
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Figure 4.1. Contour used for the Green function G{x,y,^,r]) 


It consists of the circular arcs Ci and C 2 with radius R centered at |, the vertical 
line from c — ioo to c + ioo cut by the arcs Ci and C 2 , the small circle Cg with 
radius e centered at and the horizontal line segments Fi, r2. Since the Green 
functions Gi and G 2 have no singularities in the region bounded by 12, the Cauchy 
Theorem implies that 

(4.18) (f Gi{x,^,-X)G 2 iy,v,X)dX = 0. 

Jn 

Claim. We have 

lim /" Gi{x,^,-X)G 2 {y,'n,X)dX = Q. 

Jc, 

On the circle we have 

A = i + £6*® = 

4 

with 9 G [0, 27r) and </> G [—7r,7r). As £ —)■ 0 we have r ss 1 and ^ « 0. It follows 
that 

-|a:-4|VA 1 / 

Gi(x, -A) = — ^ = -——j- exp - lx - ^1 

2VA V 

and then 

|Gi(x,5,-A)| = ^exp Ix-CIa/tcos^ . 

So we have |Gi(x,^, —A)| < ci for some constant ci as £ —>■ 0. For the Green 
function G2, we have a = that converges to 0 as £ —>■ 0. It follows that 
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when e —0 we have the following limits 
a(A) —>■ 1 

and then 

\G2{y,ii,\)\ < A = 

|a| Ve 

where the constant C 2 does not depend on e. So we have 

|G'i(x,^,-A)G 2 ( 2 /,? 7 , A)dA| < = ciC2'/ed9 

\J£ 

and the integral along converges to zero as e —>■ 0. This hnishes the proof of the 
claim on Gg. 

Claim. We have 

lim [ Gi(x,^,-A)G 2 (i/,? 7 ,A)dA = 0. 

Jc’iUC2 



On the arcs Gi and C2 we have A = | + i?e*® and 0 G [0i, ^ 2 ] • It follows that 

a = —iy/Re’’^. 


In the following we consider the asymptotic expansions of various functions as 
R —^ 00 . For the fundamental solutions Wi’s, from Lemma |4.5| we have 

w^iX,y) = + 

- fl- ^ ^ + 0 (a~") 

e“M 1 - + 0(a-2) 


W2{X,y) 

So we have 

2 |aG 2 (y,r 7 , A)| = 
< 


4(1 + a) 1 - e^y 
3 1 

4(1 — a) 1 — e^y 

'Wi(A,y)u;i(A,r7) 

a(A)" ^ 

wi(A,2/)wi(A,77) 


i(A) 


Fin 2 (A,?/)uii(A, 77 ) 

+ k2(A,j/)wi(A,?7)| 


< Cl 

g-a{y+r]) 

sin(7ra) 

+ C2 

g-a{ri-y) 



cos(7rQ!) 




for some constants ci, C 2 > 0. For the exponential functions we have 

^-a{y+r]) 


exp ^{y + ri)VR ^cos 2 + * 2 ) ^ 
= exp ^-(y + ? 7 )V^sin 

= exp ^-(77 - y)v^sin . 


,- a [ r ]- y ) 


and 
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We also have 


sin ira 


sinh(t 7 ra) 


sinh(7r-\/i?e*2) 

cos ttq; 


cosh(i 7 ra) 


cosh( 7 r > 7 ^ 6 * 5 ) 


The real part is given by 


3 ?( 7 rv^e* 2 ) = tt'/r cos 


On the arc Ci since ss 0 and 02 ~ f we have 0 < | ^. On the arc C 2 we have 

X ^ f ^ both arcs we have |cos || > cq for some constant cq > 0 and so 

the real part of diverges to infinite and we have the following limit 

sin 7 ra 

- —> 1 as it —>■ 00 . 

cos -Ka 

It follows that for large i? > 0 we have 

I sin Tia 


< C3 

I cos ttq; I 

for some constant C 3 > 1. Combining these estimates, we have 

1 ^ 2 ( 2 /, ry, A)I < ^exp + ry) sin 0 + exp - y) sin- 


Write A = re*'^ with (f) e [—tt, tt) and we have r ^ R and — f < ^ < f. It follows 
that 

p-\/r\x-^\ cos I 

|Gi(a:,?,-A)| =- ^ - 

and then we have 

|Gi(a:,^,-A)G2(y,r7, A)| < ^ exp + ry) sin ^ |a: - ^| cos 0 

(4.19) exp f—VR{ri — y) sin ^ — VH\x — cos f-] . 

K \ 2 2 J 

When |x — ^1 > 0, since ^ € [—tt/A, 7r/4] we have cos f > ^. Note that rj — y > 0 
by assumption and sin | > 0, so we have 

|Gi(xe,-A)G2(y,7y,A)|<^e-'='^ 

for some constant k > 0 when R is large. On the other hand we have 

|dA| = Rd9 

and so we have 

I 

^-kVRdO 


'C1UC2 


Gi(xe,-A)G2(y,ry,A)dA 


< c 


'[ 0 , 7 i-/ 2 ]U[ 37 r/ 2 , 27 i-] 


which converges to zero as i? —> 00 . 

When |x — 51 = 0, we have ry — y > 0. Let c > 0 be a constant and we show that 


lim 

R —¥00 


exp 


Q 

—cVRsin -] d9 = 0 
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on Cl- Since cos | > C3 > 0 on Ci for some constant C3 > 0, we have 

/ exp ( —c-\/fisin -] d0 < — / cos - exp ( —cV^sin - ) dO 

Joi \ 2y C 3 2 \ 2 J 

r. /•(9o / 0 

d exp f —c^fR sin - 


CCsVR J01 
2 


CC3-\/ R 


I exp ^ 


—c-\/i?sin ^ ~ 6xp 


—c-\/i?sin 


which converges to zero as i? — > cxd. A similar argument shows that the integral 
converges to zero on the arc C 2 - Apply this convergence in equation (4.191 by 
taking c = r] + y and c = rj — y and then we have 


lim 

R—>^oo 


f Gi(a:,C,-A)G2(2/,ry,A)dA 

dCiUCo 


= 0 . 


/C1UC2 

This finishes the proof of the claim on Gi U G2. 

The identity (4.18) implies that 

G{x,y,^,r]) = [ Gi{x,^,-X)G 2 {y,v,X)dX. 

2m J_Yiu-T2 

Let A = I + with s € (0,00). Then on Ti and r2 we have 


Gi(a;,e,-A) = 




2v's2 + 1/4 

On Ti we have a = —is and then the Green function G2 is given by 
(^2(2/, 17, A) = {w{s,y)w{s,r]) + a{s)w{s,y)w{s,r])). 

On r2 we have a = is and the Green function G2 is given by 

G 2 {y, ^ y)wis, rj) + a{s)w{s, y)w{s, rj)). 


So we have 
G{x,y,^,T]) 


1 1 

7 ^. -^{w{s,y) + a{s)w{s,y))w{s,ri) 

Zi'K'L Jq —ZiXS 


o-\x-^\y/s^ + l/A 


2^/52 + 1/4 


-2sds 


I I g-|2;-4|-\/s2+i/4 

/ 7 ,miMs,y) + a{s)w{s,y))w{s,r]) 2sds 

2Tri 2is 2^52 1/4 

+ 1/4 


1 /.oo 

— J iR{a{s)w{s,y)w{s,y)+ w{s,y)w{s,T])} 


-ds 


which gives formula (4.14) when y <r]. 

Since the real part of a{s)w{s,y)w{s,r]) + w{s,y)w{s,ri) is even in s, the kernel 
of the integral is symmetric in y and tj. Therefore the same formula holds when 
y > rj. □ 
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5. Asymptotic expansions of the Green’s function 


For each fixed (x, y) S the Green’s function G{x, y, rj) has the limit zero as 
(5, rj) diverges to infinity. In this section we determine the asymptotic expansions 
along various paths when (^,77) diverges to infinity, see Theorems 5.2 5.4 and |5.7[ 
For the techniques of asymptotic expansion of integrals, we refer to the book |Wo| . 

First we derive a new formula of the integrand in the Green’s function. Let 


(5.1) 


f{s,y) = F 



1 

2 


+ is, 1 + is; e 



and 


(5.2) k{s,y,ri) = ais)e y)/(s, ^) + e*'*^*' fis,y)f{s,T]) 


for s > 0 and y,r] > 0. Then the Green function in Theorem 4.4 is given by 

pV+il 


G{x,y,^,r]) = 


27r-^(e^*^ — — 1) Jo 

gV+v r°° 

T\/(e^y - l)(e2’7 - 1) J-oc 


g-k-5lvT+^ 
iRk(s, y, rf) - ^ —ds 

i + s" 

k{s,y,ri) - 1 — ds. 

i + s" 


Lemma 5.1. For s > 0 and y,r] > 0 we have 
(5.3) 

Hs,y,ri) = sinh^(2/)F - ^is, ^ + ^is, 2; - sinh^ f{s,ri) 


r(7s) 


and 


1 


iRk{s,y,r]) = —s s"^ + - ) tanh(7rs)e 2 sinh ysinh 77 


(5.4) 


3 1, 3 1 


^4 2 4 2 

Proof. From Lemma |4.2| we have 
k{s,y,r]) 


X F ( - — -is, - + -is, 2; — sinh 2/ ) F ( - — -is, - + -is, 2; — sinh rj ) . 


3 1. 3 1 


e"*®''/(s,r7) 


= r(l-is)F(3/2 + is) 


e*"V(-A2/) 




f{s,y) 


F(1 - is)r(3/2 + is) r(l + is)r(3/2 - is) 


•v/ \ — g 2 

= r(l — is)F(3/2 + is)-—(cosh2/)“*^ tanh^ (y) sin(i7rs) 




5 13 1 


X F ( - + -is, - + -is, 2; tanh y ) . 


By the transformation formula 


F (a, b, c; w) = {1 — w) “F ( a, c — b, c; 


w 


w — 1 


with |arg(l — w)| < tt, 
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we have 
kis,y,r]) 


= r(l-is)r(3/2 + is) 


-r{5/2 +is) Vi-e-^y . ,3 


Vl - e-'^y . , 3, , . , /3 1 3 1 „ . , 2 

sinh 2 (yj sin(i7rs)F I ^ ~ - + -is, 2; — sinh y 


T{is) 


V2 


= yj-ne 2 


r(3/2 + is) 


. , X,- / 3 1 3 1 „ . , 2 

sinh2 (j/)F ( - - -zs, - + -IS, 2; - sinh y 


1 




sinh^(?/)F - — -is, - + -is, 2; — sinh^ y 


4 2 


which gives us the formula of k(s, y, rf). 
For the real part of k{s, y, rf), we have 


_y 2 /3 131 2 \ 

2iRk{s,y,r]) = y/ire = sinh (j/)F ( - --is, - +-is, 2; - sinh i/1 


/r(3/2^ , r(3/2-is) 


V r(is) 


V(s,?7) 


r(-is) 


e^^V{-s,r,)], 


and 


1 (is) 1 {—is) 


= {-is)T{3/2-is)T{3/2 + is) 


e'^yf{-s,y) 


y{s,rf) 


r(i - is)r(3/2 + is) r(i + is)r(3/2 - is) 
1 


= (-is)r(3/2 - is)r(3/2 + fg)r(t s) ^ sinh2(?7)F + ^is, ^ - ^is,2;-sinh2?7^ 

1 


Vre 2 sinh^( 77 )F - + -is, - - -is, 2 ; - sinh^ 77 


r(3/2 + is)r(3/2-is) 
r(is)r(-is) 

= y/ris ^s^ + tanh(7rs)e“ 2 sinh^(? 7 )F + -is, - — -is, 2; — sinh^ 77 ^ . 

So they give us the desired formula of 3fJfc(s, y, rf). 

5.1. Asymptotic expansion at 77 = 0. Recall Pochhammer’s symbol 

(a)™ =with a 7 ^ 0 ,- 1 ,- 2 ,... 
i (aj 

and the psi function (or digamma function) 


□ 


7/)(z) = 


r!M 

r(z) 


with z 7 ^ 0,-1, —2,_ 


Theorem 5.2. For any fixed (x, y) G and £, x, the Green function G{x, y, 77 ) 
has the following expansion near 77 = 0 .' 


G{x,y,f„y) = 


772 


y/^yfl — e "^y J- 


r 


r(3/2 + is)_. 


r(7s) 


isy 


fis,y) 


1 




,2 I 1 


(5.5) +0(i?^). 

Remark 5.3. Note that when s —>■ 00 we have the asymptotic expansion 
r(3/2 + is) 


r(7s) 


~fis,y) = i^ \/1 — e~'^y s^^ (1 + 0(s ^)) 


so the improper integral in Theorem 5.2 does not converge when jcc — ^| = 0. 
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Proof. For any c = a + b + m with m = 2, we recall the following formula for 
ze (0,1): 


1 

W) 


F 


{a,b, c]z) 


{a)kib)k{m-k-iy. _ y, 

r(a + m)r(6 + m) k\ 

{z - 1)"" (g + m)k{b + m)k , _ 
r(a)r(&)^ k\{k + m)\ ^ ’ 

I log(l — z) — ijj{k + 1) — V'(fc + m + 1) + ij){a + k + m) + ^/>(6 + fc + m)|. 


It follows from the above formula and (5.11 that 


= r(3/2)r(v'2 + i.) (' + ~”) ~ *’) 

_^_r(l+|S^_ 2 ^ _ 2 

r(-i/2)r(-i/2 + is)2^ ^ 

(log(l - - V'(l) - ^/’(3) + V’(3/2) + ^/’(3/2 + is)) + 0{Tf ) 

= r(3/2)r(3/2*+..) 

r(l + is) 1 + 4s^ 2 ,, 

~r(3/2)r(3/2 + is) 8 ^ ^ 

(log(l - e”^’') - V'(l) - '0(3) + 0(3/2) + 0(3/2 + is)) + 0(r?^). 


Here we have also used the identity 


r(-i/2)r(-i/2 + is) = 


16 


1 + 4s^ 


r(3/2)r(3/2 + is). 


So we have 

e-^^Vis,v) = 


r(i + is) 


1 — isf] — 2 °^ 


l-[t-is]{r^-^^) 


r(3/2)r(3/2 + is) 

(log(l - e"2';) _ ^( 1 ) _ ^( 3 ) + 0(3/2) + 0(3/2 + is)) \ + 0{rf) 


r(l + is) 


1- ^7?+ ^ (l-is + s2)ry2 


r(3/2)r(3/2 + is) 

(log(l - e"2';) _ ^( 1 ) _ ^( 3 ) + 0(3/2) + 0(3/2 + is)) \ + 0{rf) 


and then 


k{s,y,ri) = (a(s)e *'*"/(s, ?/) + e*®^/(s, ?/)) e *®''/(s,7?) 

r(l + is) 


T{l-is) 


fis,y) 


r(3/2)r(3/2-is) ' r(3/2)r(3/2 + is) 

where the function in {• • • } has pure-imaginary value and is given by 

'1 2^1+4s^ 

s'’ 


rTe“''/>,!/) H'-l + Oh*), 


{...} = -i I 1-5772 -I- "0^ S0(3/2 -F 73)772 1 . 
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It follows that 


^Hs, y, 77 ) = -3 I p(3/2)r(3/2-7s) ^ 2 /)| 3'0(3/2 + 772 + 0 ( 773 ), 

which can be further simplified to 

^k{s,y,r]) = |^^^^^i^e"*®^/(s, 77)|772 + 0 ( 773 ). 

The expansion formula of G{x, y, 77 ) follows by combining the above identity with 
the expansion 


sje^-^ - 1 


1 



1 

2 


0 ( 775 ). 


□ 


5.2. Asymptotic expansion at 77 = 00 . 

Theorem 5.4. For fixed {x, y) G Yfi and fixed ^ > 0, the Green function G{x,y, ^, 7 ]) 
has the following expansion as rj ^ 00 : 

2 (ey - 

(5.6) G(+y,e,7?)= ^ ^ 


a/ti e 2 ^yJe^y^^Yj 77 2 — 1)2 


r(l + 0(e-i’')). 


We need some preparations and first consider the asymptotic expansion of the 
following integral as 77 —>■ 00 , 

r°° . _ -A-y/s2^1 

(5.7) 7 ( 77 ) =/ (a(s)e"*®«/(s,y) + e*®^/(s,y)) 




where A = jcc — ^| > 0. We may assume 77 — 7 / is bounded below, say y — y > 2. 
For fixed ^ > 0, define the following functions on the complex plane: 

r(i-z)r(3/2 + z)_. 


q{z) = - 


(5.8) 
and 

(5.9) 


r(i + z)r(3/2-z) 

e-F' 1 ' 


2 ’ 2 


e-^y?[-\,-\ + zA + z-e-^y 


1 — z; e 277 


p{z) = q{z) 






Following the proof of Lemma [5.1[ the function q{z) can be simplified as 

^ 13 1 „ . , 2 , 

^ I 4 “ 2^’4 ^ 


- , , . ,— _£ . , 2 r('2^ “F 3/2) 

(5.10) q[z) = v^e ^ sinh2 y ^ - 

i (z) 


We specify the branch of y'^z^ — | we choose: write 


z — - = with ri > 0 and 61 G [ 0 , 27r) 

z + ^ = with r 2 > 0 and O 2 G [— tt, tt). 


then we take 


■- « 1+<72 


- 7 = 5 
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and it has the branch cut (— 00 , |] U 00 ). In particular, when z = is with s G K, 
we have 61 + 62 = tt and 


It follows that 



(a(s)e *®^/(s,y)+e*'*^/(s,?/)) 



ip{is) 


and then 
(5.11) 



p{z)e-'^^dz. 


Proposition 5.5. The integral I(p) has the following form 

r(2 + t) 


Hv) 

= 2i/7re' 

(5.12) 

COS 

X- 


e 2 sinh y 

cos (^Ayjt{t + 1)^ 
\/t{t + 1) 


X F ( - — -t, 1 + -t, 2; — sinh^ y 

r(l/2 + t) V2 2 ’ 2 ’ ’ ^ 


-^^dt. 


Proof. We consider the contour integral in Figure 


5.1 The arc has the center i 
with radius e > 0 and Ci, (72 have the center 0 with radius i? > 0. Since p{z)e~'^^ 
is analytic in the region bounded by the closed contour 11, the Cauchy Theorem 
implies that 


(5.13) 


f P[z)e~ 

Jn 


^^dz = 0 . 



Figure 5.1. The contour fl used in the integral I{p). 
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In the following we show that the integral / p{z)e~^^dz vanishes on both Cg and 
Cl U C 2 as £ —)■ 0 and R —>■ 00 respectively. A similar argument as in the proof of 
Theorem 14.41 shows that 

lim f p(z)e-^^dz 0. 

^“*■0 JCe 

Claim. We have 

lim / p{z)e-^^dz = 0. 

JC1UC2 


On the arcs Ci U C 2 we have z = i?e*® with 9 G (0, on Ci and 9 G 27r) 
Recall z — I = with 9i G [0, 27r) and z + ^ = r 2 e*®^ 


5.2 


on C 2 , see Figure 

with 02 G [— TT, tt). On Ci we have 0 < 0i < | +15 and 0 < 02 < f where 5 > 0 is a 
small number. On C 2 we have |7r — 5 < 0i < 27r and — f < 02 < 0. So we have 


1 _ e-i+Bo _ / 

^ 2 = [ 


cos ■ 


0 i 


02 . . 01+02 
-h I sm--- 


and 


mA 


2 1 /- • ^1 + 

+ - - = -A^rir 2 sm —— 



Figure 5.2. Various angles in the contour integral along Ci U C 2 . 


Next we consider the asymptotic expansion of q{z) for large i? > 0. From the 
formula of q{z) in ( 5.10| ) and the asymptotic expansion of hypergeometric function 
in |DLMF1 Section 15.12] we have 

q(z) = 2v^e~2 i/sinhy7z (l + 0(z~^)) ^Ii(,zy) (l + 0 {z~'^)) + {Ai{y) + 0 {z~^)) 

where Ijy is the modified Bessel function and 

3 3 

^liv) = ^ - o cothy < 0. 

8 y 8 
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On the arc Ci, we have argz = 6* G [0,7r/2] and so 

pzy I jp-^y 

^ (i + 0(»-‘)). 

pzy _ jp-zy 

^ (i + 0(»-‘))^ 

Since 


|g^y ± < \e^y\ + |e-^^| = 

it follows that 


k(^ 


< Cl 


for some constant Ci = ci(j/) when i? is large. Note that -y/rir^ « R when R is 
large, so we have 

\p{z)e-^^dz\ < Cl Rd 9 

= C1C2 |exp ^i?2/cos6* — Ai/h]^sin —— 7yi?cos0 

+ exp (—Ry cos 9 — A^/rlr2 sin ^ — rjR cos 6 ] dO 


< 2ciC2e 


— 2R cos 9 


do. 


Note that g [0, tt] and we have assumed that y — y >2. So we have 


^•7r/2 


p(z)e ^^dz 


r'^/2 


< 2ciC2 


e"2«cose^0 


p7Tf4 pi 

< 2ciC2 / e-^^^°^^d9 + 2V2ciC2 

Jo j TTj 

< 2c,«re-v^-<i<,+^r 

Jo ^ J7I-/4 

(l _ e-V2i^^ 


^ —2i?COS@ 


sin 0d0 


— 2i? COS 6 


z K 


and hence 


lim / p{z)e-^^dz = Q. 


On the arc (72 we have different signs in the formulas of loizy) and Ii{zy). The 
argument above carries through and the limit on C 2 also vanishes. This finishes 
the proof of the claim. 

Thus, (5.11) and (5.13) imply that 


I{y)= [ p{z)e-^^dz. 

Fiu—r2 


Note that when z = m > ^ we have 



on Ti and 
on r 2 . 
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It follows that 




rr(3/2 + R)^/3 13 1 .,2 

F ( - - -M, - + -u, 2 ;-sinh y 




= 2-\/TTe 2 sinh^ y 


rr(3/2 + M) /3 1 3 1 


'i 1 r(R) 2 “’4 ■ 2 - 


F - — -u, - + -u, 2; — sinh y 


cos {a^v? - 


COS 

X-- - ; 

y/t{t + 1 ) 

This finish the proof of Proposition |5.5| □ 

Proposition 5.6. For fixed A = |a; — ^| and 77 > 0 large we have the asymptotic 
formula 

(5.14) 7 ( 77 ) ^ 2\/ne~i^{e^ — l)^?7“5e“5’) (1 _(_ 0 ( 77 “^)) 

as 77 —>■ 00 


-^^du 


u^-l 


Proof. From Proposition 5.5 and the formula of q{z) in (5.10) we have 


roo COS 

lid) = 2 / q{t)- 


-'^^dt 




At t = we have the following Taylor series 
q{t). 


cos {A^jt'^ — 4 ) , . 

— X - y - X. = e--^y{ey - lf{t - 1/2)-5 + O ((t - 1/2)2 ) . 


To apply Watson’s Lemma, see for example [Wo) , we only need to show that there 
exist constants Mi = Mi ( 77 ) > 0 and M 2 = M 2 {y) > 0 independent of t such that 


dit)- 


COS 


[Afd 


e-j 


< Mie^ 2 * for large t > 0 . 


Since t> 5 , we have arg t = 0 and the asymptotic expansion of the modified Bessel 
function has a simpler form, i.e., the e~^^ term does not appear. So for large t we 
have 

^ty 

q(t) = 2,/Trye~^ ^sinhyVt (l + 0 {t~^)) — (l + 0 {t~^)) 


= V2e 2 yt sinh 7 /e‘^ (l + 0 {t ^)) . 

For example, we can take Mi = \/2e~^ ^Jsmhy and M 2 = y. 
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Now Watson’s Lemma yields 


foo cos 

lit) - 


(Ajt^ - i) , , 

\ ^ ^ e-^*dt - (e-i^(e*' - lfT{l/ 2 )r]-^ + 0(77-®)) e's’ 


which gives the desired asymptotic formula of I{ri). 


□ 


From the asymptotic expansion of 1 ( 77 ) in Proposition 5.6 we show Theorem 5.4 
Proof of Theorem \5.4\ Since 

y, V) = (a(s)e"*®^/(s, y) + e*®^/(s, y)) 77 ) 

and /(s, 77 ) = 1 + 0 (e“^’*) as 77 —>■ 00 , we have 

exp (^- \x - ^1 ^32 + 


fc(s,y,7?)- 


I i 


-ds = 7(77) + 0 (e 


Using the asymptotic expansion of 1 ( 77 ) in Proposition |5.6[ we have 


Gix,y,i,y) = 


oV+V 


-K^ie^y — l)(e2’7 — 1) 

2 (e^-l)i es 


62 + 1)2 772 — 1)2 


(1(77)+ 0(6-^")) 

r(l + 0(e-i’')). 


□ 


5.3. Asymptotic expansions along the rays 77 = 77l|^|. 


Theorem 5.7. For eac/i m > 0, the Green function has the following asymptotic 
expansion along the ray 77 = tti |^| with |^| —>■ 00 ; 


G{x,y,^,y) = 


v^r(f+ ^^^ )sinhj(7/)^^3 

8(to 2 + l)lr (^1 + 


2Vm^ + l 


F -- 


3 

’ 7 + 


4 4\/m^ + 1 ’ 4 4\/m^ + 1 


„ . . 9 

= , 2 ;-smh'^ 7 / 


X exp 


/ sgn{f)x ^ _^/7f77 

UVwFTT 


e 2„ 


^''( 77 - 1 + 0 ( 77 - 5 )). 


Proof. We first assume that ^ > 0 so that |C ~ 2 ;| = ^ — a: for large From Lemma 

[STi 


k{s, y, 77 ) = V^e 2 sinh^( 7 /)F ( ^ ^ + ^is, 2; - sinh^ 7 /) ''"'/(s, 77 ). 


F(7s) 


We consider the real part of the following integral 

r°° /3 1 3 1 \ 

HO = ^sinh2(7/)F (- - -is, - + - 7 s, 2 ;-sinh^ 7 /j 


r(3/2 + i3)_,,/-^«-"V^^ + i 


Let 


3 1. 3 1. 


g{x, y, z) = v^e 2 sinh^( 7 /)F ( - — -iz, - + -iz, 2; — sinh^ y 


4 2 ’ 4 2 


F(is) 

r(3/2+ iz)e^H^ 


.2 I 1 


r(iz)y^z2 + 


2 _L 1 

4 
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and 


4>{z) = — ( imz + \ j z:"^ + ^ 


for z G C. So the integral can be written as 

1(0= f g{x,y,z)e^*^^'>dz, 

Jc 

where C denotes the positive real axis. 

Claim. For ^ ^ oo, we have the asymptotic expansion 


3?/(C) = 


(i + vte) 

2 (m2 + l)lr(l + 


xe 2 sinh^(?/)F ( - — 


2Vm2 + l 

m 3 


exp 


m 


2 \^ 




2; —sinh^y)^ ^+ 0 ( 1 ) 


4 4\/m? + 1 ’ 4 4\/m^ + 1 ’ 

We show the above asymptotic expansion by the method of the steepest descent, 
see for example [Wol 11.4]. Write z = u + iv and let zq = —ivo with 


Wo = 


2-v/m^ + 1 


Let C 2 be half of the hyperbola defined by the equation 

m a/1 + A{w? + l)v?‘ 


2VT+ 


with u > 0. 




Denote Ci the line segment from z = 0 to Zq on the 3z-axis and Cn the circular 
arc centered at the origin with radius R connecting C 2 and the positive Sftz-axis, 
see Figure [53} 



Figure 5.3. Steepest descent path of the integral I{C) 
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Since g{x,y, is analytic in the region bounded by 3 ?z-axis, Ci, C2 and Cr, 

the Cauchy Theorem implies that 

/(5) = lim f g{x,y,z)e^'^^^^dz. 

R->-oo JC 1 UC 2 UCH 

It can be shown that for any fixed ^ > 0 the integral along Cr vanishes as i? —)■ 00. 
So we have 

1(0= [ gix,y,z)e^'^^'''>dz + f g{x,y, z)e^'^^''Oz. 

J C\ C 2 

The integral along Ci can be written as 

h(0 = [ g(x,y,z)e^'^^''Oz 

JCi 

PVq 

= —i g(x,y,—iv)e^'^^~’'^Ov 
Jo 

Note that g{x,y, —iv) is a real-valued function and is also a real-valued 

function since uq < 5- So we have = 0 for any ^ > 0 . Next we consider the 

integral along €2- We have 


1 


1 


4 4(to2 -I- 1) 


— {mJ — l)u^ — 


.muO^ + 4(to^ -I- l)w^ 
V TV? -f 1 


and 


2 1 

z + - 


1 -|- 4(m^ -I- 


A{w? + 1 ) 

root of a c 

0^ + 0 = ^ {OU + iy\+x + isgn{y)0\x + iy\ - x^ , 


From the formula of the principal square root of a complex number 

1 

72 


we have 


and 


z + -r = 


1 ^1 -|- 4(m2 -I- l)u2 


2 Vto2 -h 1 


— imu 


Hz) = - 

Along the curve C2, let 


•\/m 2 -I- l^yi -I- 4 (to 2 - 1 - l)z 


T = Hzo) - Hz) = 

and we have r € [ 0 ,00). Around z = zq we have the following expansion 

Hz) = Hzo) - (m'^ + OHz - Zo)^ + O {{z - Zo)^) , 
9 (x,y,z) = bo + 0{z-zo) 

with 

r\/7rr 


m\ 


bn = 


2 vdn 2 +T 


r 1 


(i + wfcr) 

2 


exp 


2\H0~+1 


xe 2 sinh^(y)F- 


m 


m 


4 A^/w? + 1 ’ 4 A^/w? + 1 


, 2; — sinh^ y . 
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It follows that 


= 


-T 2 


0 ( 1 ) 


dr 2 (? 7 i 2 + 1)4 
and so we have the following asymptotic expansion as 77 —>■ oo: 

bo 


^1(0= hiO = 




= e 


2(to^ + 1)4 

V^bp 

2{w? + 1)1 


r(i/2)r5+0(1) 

r^ + o(i)V 


This finishes the proof of the claim. 

The asymptotic expansion of the Green function follows from the one of 3?I(^) 
for ^ > 0. When ^ < 0 we have a similar expansion, except the factor exp 
is replaced by 

X 


exp - 


2 v^ 




1 


So we have finished the proof of Theorem 5.7 


□ 


6. The Martin kernel and Martin boundary 


In this section, we first determine the Martin compactification E of S with 
respect to the operator £ = A — 1, see Theorem | 6 . 6 [ Then we prove Theorem |1.8| 
in the introduction at the end of the section. 


Fix a reference point (xo,yo) S S, then the Martin kernel is given by 


K{x,y,^,r]) = 


1 , if (a;,j/) = (^,77) = (xo,yo) 


G{x,y,^,r]) 

G{xo,yo,^,r])' 


otherwise. 


From the asymptotic expansion of the Green function along various paths in the 
previous section we can determine Martin kernel functions of such cases. 

For any ^ G M, denote wj = (^, 0) on the boundary {77 = 0}, and uioo = 
lim^_>.oo(^ 0 ) 17 ) while fixing ^0 > 0- Recall the short notation of Gauss hyperge¬ 
ometric function 


/(+2/) = F 



1 

2 


-I- 7S, 1 -I- is] e 



Using Theorems 5.2[ 5.4 and|5.7[ we immediately obtain 


Proposition 6.1. The limits of the Martin kernels as diverges to infinity are 

given by the following cases. 


(a) For any ^ G K, when 77 —>■ 0 the Martin kernel is given by 

( 6 . 1 ) 


K{x,y,uj^) = 


— g — 2 yo J — 00 r(is) 






vT+s 


with X =/= f. 
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(b) When ^ > 0 is fixed and 77 —>■ oo, the Martin kernel is given by 

( 6 - 2 ) K{x,y,ujoo) = A{yo)-^-—^L=, 

6 2 — 1 

where A(j/o) > 0 is a constant such that K{xo,yo,ujoo) = 1 - 

(c) Along the ray rj = ^tan0 with 9 S ( 0 , 7 r/ 2 ) U ( 7 r/ 2 , 7 r), when 77 —>■ 00 the Martin 
kernel is given by 

(6.3) 

ns A, ^\ ■ , 2 / sin 6 * 3 sin0 „ . ,2 \ (cos 6 

K{x,y,9) = A{xo,yo,0)smh^{y)f I --,2;-sinh 7 / I exp ( 

where A(xo,yo,0) is a constant such that K{xo,yo,9) = 1. 

Remark 6.2. The function K{0,y,9) is the unique (non-negative) solution, up to a 
constant multiple, to the differential equation 

—w"{y) + P{y)w(y) = Xw{y) and 76(0) = 0 

with A = I cos^ 9 € [0, |]. It grows like as y —)■ 00 if 0 7 ^ 0 or tt. When 0 = 0 
and TT, the function K{0,y,0) = K{0,y,Tr) grows like log (coshy) as y —)■ 00 . 


Lemma 6.3. For any fixed {x,y) € S, we have the following limits. 

limK{x,y,9) = K{x,y,uj^) 


e^l 

lim K{x,y,u!f) = \im. K(x,y, 9) 

{->00 S-fO 

lim K(x,y,uje() = lim if (a;, y, 0). 

^—>■ — 00 S—>-7r 

Proof. The hrst identity follows from the defining equations of K[x, y, 0) and K{x, y, ujao) 
in Proposition |6.1[ Next we show the second identity. The third one follows by a 
similar argument. 

We assume that (> x and denote A = ( — x > Q. Let 


/■°° 1 

I{A,y)= h{s,y)—=^ 

■Jo + \ 


o-As/^ 


ds 


with 


/i(s,y) = 3? 




The Martin kernel can be written as 


K{x,y,uj^) = 


r(7s) 

Vi — e~‘^y° I{A,y) 

Vi — l{A,yo) 


Denote by 


^'(a;,y) = lim K{x,y,uj^). 

^—>•00 


Since for any ^ S K, K{x,y,ujV is a positive /1-harmonic function on and has 
value 1 at (xo,yo), so is 4'(a;,y). 

In the following we consider the asymptotic expansion of I(A, y) as A —>■ 00 . Let 
t = \J V + ^ and then s = \ . The integral I{A,y) can be written as 

IiA,y)= rHElAn-At^ 

Jh s 


Mt. 
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Suppose that h{s,y) has the following expansion at s = 0: 

h{s,y) = s“ {ho{y) + 0(s)) 
with ho(y) ^ 0 for y > 0, then we have 

i _ L 


ho(y) + 0 I \/i- 2 


and the following asymptotic expansion as ^ > oo from Watson’s lemma 

^_4r((a + l)/2)^ 


I(A,y) = e 2 


A- 


-ho(y)(l + 0(A 1)) 


= e5"e - -£/ho(y)(l + 0(A . 

(^-x) 2 


It follows that 


'^(x,y) = 62 


ix fio(y) Vl-e 2yo 


Vl - e /io( 2 /o)e 2 ’'“ ’ 
and hence il'(a;, y) =-fir(a;, y, 0). □ 

Remark 6.4. It can also be shown explicitly that the function (1 — e“^^)“2ho(y) 
solves the differential equation 


—w"{y) + P{y)w{y) = -w{y) with w{0) = 0. 


Recall the following definition of Martin compactihcation that is equivalent to 
the one with minimal Martin boundary in Section 2, see |Tal Dehnition 6.2]. Here 
we exclude the case where all positive solutions to Lw = 0 are proportional. Note 
that a topological space is said to be cr-compact if it is the union of countably 
many compact subspaces. This property holds for any Riemannian manifold. In 
the notions of Martin compactihcation and Martin boundary, we drop the letter L. 


Definition 6.5. Let M be a complete smooth manifold that is cr-compact and L be 
a second order strictly elliptic partial differential operator with smooth coefficients 
for which LI < 0. The Martin compactihcation is the compactihcation M such 
that 

(1) the normalized Green functions, i.e., the Martin kernel functions K(p,q), 
extend continuously to M for each p G M; and 

(2) the extended functions separate the points of the ideal boundary dM = 
M\M. 

The ideal boundary of the compactihcation satisfying condition (2) in Dehnition 


Theorem 6.6. The Martin compactification of T? is homeomorphic to the half 
disk E = I (n, u) G + v'^ < 1, u > O} and dT, = deTi is the minimal Martin 

boundary. Moreover we have 

(1) the real line M C 5'oo(S) is identified with the interval (—1,1) of u with 
V = 0, 

(2) the vertical half line f, = > 0 is identified with the point (0,1), 

(3) the asymptotic ray rj = is identified with the semi-circle 

{uje = (cos 0, sin 0) : 0 G (0,7r/2) U (7r/2,7r)} C i9E, 


6.5 is the minimal Martin boundary d^M, see m Remark 1.7.7]. 
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(4) for any lo S dT\ {wj} we have 


(6.4) 


lim K(x, y, = 0 

{x,y)^ui 


Proof. Denote Soo = <5'oo(S). First note that £ = A — 1 is coercive, see |Anl[ 
p. 498]. Since any a;j(^ S K) can be approached by the geodesic 7 (t) = {f,t) 
with t G (0,1] and the curvature of the subset K x (0,1] C E is pinched by two 
negative constants, it follows from [Anil Corollary 16] that wj is a minimal point 
on the Martin boundary and the limit in equation (6.4) for u> G <S'oo\{w 4 }. In 


the Martin compactification each wj admits a basis of neighborhoods consisting 
of geodesic cones that agree with the basis of neighborhood in the topology of E. 
It follows that the collection of all wj that is K C S'oo embeds into the Martin 
compactification. 


The previous Lemma 6.3 shows that Martin kernel functions AT(x, y, y) extend 
continuously to E for any {x,y) € E, and it is clear to see that extended functions 
separate the points of E. From Definition 6.5 


E is the Marin compactification and 


9E is the minimal Martin boundary. 


In the following we show equation (6.4) for other points w G 9E. If w = wg 

(0 , tt), then we have y —> oo as (x,y) 
oo. The rest part of the integral 


is an asymptotic ray y = x tan 9 with 9 G 
approaches ujg. Note that /(s,y) —?> 1 as y 
with y in the numerator of K(x,y,u}^) is the Fourier coefficient of the following 
L^(—oo, oo)-function in s: 


r( 3/2 + is) 


r(*s) 


So it converges to zero as y —)■ oo and thus we have 

lim K{x,y,uj^) = 0. 

{x,y)^ujg 

Next we consider the case when y —0 and \x\ —>■ oo. We assume that x ^ 
when X —>■ ±oo. We have the following Taylor expansions: 


y/l — e~'^y = V2y^ + O 


and 


^ ^ tanh(7rs)y2 + O(y^). 


It follows that 




Tits) 


r(3/2 + *s)^_ 


>2 I 1 


= 2 / » p.. ^ 

Jo r(zs) 


'f{s,y)- 






-ds 


= Oiy^) 


and hence K(x, y, wj) converges to zero as y —>■ 0. This finishes the proof of Theorem 

lOl □ 
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Remark 6.7. It follows from Theorem 


3.5 


that the Martin compactification S is 
homeomorphic to the geometric compactification E. The Martin kernel function 
is given by K{x,y,0) and K{x,y,Tr) along the geodesics asymptotic to 77 = log^ 
—>■ 00 ) and r] — log(——>■ — 00 ) respectively. 


Remark 6 . 8 . From equation (6.41 we know that 


lim K{x, y, uj^) ^ 0 

(x,v)^uj( 


if the limit exists. Otherwise, K(x,y,uj^) is the trivial function by the maximal 
principle which contradicts the fact that K{xQ,yQ,u}^) = 1 . 


We finish this section by showing Corollary |1.6[ 


Proof of Corollary We argue by contradiction. Assume that the Dirichlet prob¬ 
lem at infinity is solvable for the Laplace operator A. Let / > 0 be a continuous 
function on 5'oo(E) such that / = 0 on the part {v = 0} and / > 0 on the part 
{uje : 0 < 0 < tt}. Then there is a harmonic function F on such that the following 
properties hold: 

(1) F{x,y) = 0 as y approaches 0; 

(2) F{x,y) = /(w|) as {x,y) approaches infinity along the type (ii) geodesic, 
i.e., X fixed and y —>■ 00 ; 

(3) F{x,y) = f{ujg) as (x,y) approaches infinity along the type (iv) geodesic. 

It follows that F is bounded and positive on E^ by the maximum principle. Since 
(E^, ds^) is conformal to the half-plane with the hyperbolic metric gn, F is also a 
positive harmonic function with respect to the metric gn- Since F vanishes on the 
boundary {y = 0}, it is a positive constant multiple of hoo = y, the Martin kernel 
function at 00 G 9aE, see for example |Anll Remark 4.1]. This contradicts the 
previous conclusion that F is bounded. □ 


Remark 6.9. From the proof of Corollary |1.6[ it is easy to see that the Dirichlet 
problem at infinity for the Laplace operator A has a unique solution only when 
/ G (7° (S'oo(E)) is constant on the semi-circle {ojg : 0 < 0 < tt}. 


7. Proof of Theorem 11.81 

Proof of Theorem We ass ume that W is not the trivial solution so that W is 
positive on E. From Theorem 2.4 there is a unique Borel measure u on 9E with 
u(i9E) = 1 such that 


(7.1) 


W{x,y)= K{x,y,u})diy{uj). 
Jdt 


By Proposition 6.1 and Lemma [6731 the proof now follows from the following 
Claim. The measure u is supported by the one-point set {9 = 7 r/ 2 }, i.e.. 

We show the claim in two steps: first u (M) = 0 by the boundary condition 
W{x, 0) = 0 for all a: G K, and then v is concentrated at 0 = 7 r /2 by the inequality 

dLl. 
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For the first step, we follow a similar argument in [Brl p. 65]. It is sufficient to 
show that if a finite Borel measure on K has z/lK) > 0, then 


Hx,y)= / K{x,y,uj()dv{S,) 

JK 


cannot vanish on the cc-axis. When i/(IR) > 0, there is a number r > 0 such that 
the (/-measure of the interval [—r, r] is positive. Let 


h*{x,y)=f K{x,y,io^)dv{^). 
J — r 


Then h* is non-negative and £-harmonic on It is majorized by h, i.e., h* < h on 
E^. Since h*(xo,yo) = > 0, h* is positive on E^. From Theorem 


6.6 


we have K{x,y,ui^) —>■ 0 as jxj -l-y —>■ oo. Let {ixj,yj)}J^j^ be a sequence of points 
such that \xj\+yj —)■ oo as j —)■ oo. For fixed j since K(xj,yj,uj^) is continuous in 
it achieves the maximal value on [—r, r]. Let S [—r, r] with 

K{xj , yj , .) = rnax K{xj , y^ , 

r,rj 

and so we have 

h* {xj ,yj) <iyoK {xj , y^ , ) 

It follows from the compactness of [—r,r] that the limit of K{xj,yj,uj^.) is zero as 
j oo. So we have h*{xj,yj) —>■ 0 as j —>■ oo, i.e., h*{x,y) —>■ 0 as jxj -I- y —oo. 
It follows that h*{x,y) cannot vanish on the a;-axis. Otherwise we would have 
h*{x,y) = 0 everywhere that contradicts the fact h*{xo,yo) > 0. So the function 
h{x, y) cannot vanish on the a;-axis. Therefore, the Borel measure (/ in the claim 
must have v (M) = 0 because W{x, 0) = 0 for all a; G M. 

Now we proceed to the second step. Since (/(K) = 0, the integral formula (O) 
can be written as ^ 

W{x,y)=[ K{x,y,0)dv{9). 

Jo 


Inequality (1.4) is equivalent to 
(7.2) 

Let 


dyW{a,y) — l-W{a,y) > 0 for all y > b. 


1 


Then, we have 
It follows that 

(7.3) 


J{x,y,6) = dyK{x,y,9) - -K{x,y,9). 


J{x,y,e) = J{0,y,9)e°°S 


dyW{a,y) --W{a,y) = 


J{a,y,9)diy{9) 


f J(0,y, 6')e°““'’d(/(0). 
Jo 


We may assume that o = 0, otherwise dv{9) defines another finite non¬ 

negative Borel measure v on the semi-circle and the argument below also holds 
using the measure v. 

From the asymptotic expansion of 77(0, y, 9) in Remark 6.2, we have 
|)>0 and J (|o, y, = 0. 
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Also, for 0 ^ 

J( 0 , y, 9 ) —)■ —00 at least linearly, as ?/ —)■ oo. 

Assume that v is not concentrated at 0 = Then there exists some e G (0,7r/2) 
such that u(/e) = > 0 with 1 ^ = [ 0 , | — e) U (| + e, tt]. From the asymptotic 

behavior of J( 0 , y, 6 ), there exist <5 > 0 and A^ > 0 such that when y > N we have 


J( 0 , y, 9 ) < —5 for 
J( 0 , y, 0 ) < uoi 5 for 


The integral formula ( 7 . 3 ) yields 

1 


dyW{Q,y)--W{Q,y) < 


9 ele 

0G [0,t]-4. 


- 5^0 + uo(5(l - uq) 


when y > N. 
the proof. 


This contradicts inequality ( 7 . 2 ) for y > max{Af, 6} and we finish 

□ 


Appendix A. Singular Sturm-Liouville problem and a Spectral 

Theorem 


In this section we consider the Sturm-Liouville problem of the operator —D^ + 
P(x) on ( 0 , oo), i.e., the spectrum of this operator. It is related to the Green’s 
function G2(y,??, A) of the operator L2 = Dy — P{y) -I- A in Section 4 . For the 
basics of Sturm-Liouville problem, see for example Do] and m and the references 
therein. 


Recall the positive function 


P{x) 


-b lOe^’^ -b 1 

4(g2a; _ 1^2 


and consider the following 2nd order differential operator 


(A.l) 


(Aw) (x) = —w”{x) -b P{x)w{x) 


with the domain 


D{A) = {w G L^( 0 ,oo) : w and w' G 2 lCiioc( 0 , 00), Aw G L^( 0 , 00)} . 

Here 2 l£ioc( 0 , 00) stands for the set of all locally absolutely continuous functions on 
( 0 , 00). Equation Aw = 0 has the following two linearly independent solutions 


x/2 


and 


+ 1 


V— I ga:/2v/g2x _ 

Since the second function is not square-integrable near x = 0 and x —>■ 00, we have 
limit-point case for x = 0 and x = 00. In particular, the operator A with domain 
D{A) is self-adjoint. 

The differential equation Aw = Aw for any A G C is solved in Appendix B 
and the two linearly independent solutions are denoted by wi(x) and W2(x), see 
Proposition B.I Note that a number A G C is in the discrete spectrum ad{A) of A 


if the equation Aw = Aw has a solution w G L^( 0 , 00). 


Theorem A.l. The discrete spectrum ad{A) of A is empty. 
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Proof. Since A is self-adjoint, the spectrum a{A) is in M. We separate our discussion 
into different intervals of K. When A = 0, the two linearly independent solutions 
of Aw = 0 are not square integrable near a: = 0. In the following we assume that 
A 7^ 0. 

Case 1: A > Write A = \ + with s > 0. Then the linearly independent 
solutions of Aw = Xw are given by 


wi{x) 


- 1 ^ V 2’ 


1 

2 


-I- is, 1 -|- is; e 



and W 2 {x) = wi(a;), the complex conjugate. Since 

F +*s,l -f is;o) = 1 

we have the following asymptotic expansion as a; —> oo: 


ri;i(a;) ~ cos(sa:) — isin(sa;) 

and so no linear combination of Wi(x) and W 2 {x) is square-integrable near x = oo. 
Case 2: A = 4 — with a > 0 not an integer and a When a is not a half 


integer, neither ^ 1 ( 3 ;) nor W 2 {x) in Proposition B.l is square integrable near a: = 0. 
If a is a half integer, then W 2 {x) is given by the Jacobi polynomial. The solution 
Wi{x) is not square integrable near a; = 0. When x —>■ 00 , we also have 

W2{x) ~ 


which is not square integrable. 

Case 3; A = ^ — with m = 0,1, 2, • • •. The first solution wi{x) = P™ 
is not square integrable near a; = 0. The second solution is given by 

with ^ 2 ( 0 ) =0. As a; —)■ 00 , we have W 2 {x) approaches which is unbounded 

2 

by the asymptotic expansion QT(z) at z = 1. This finishes all the cases and proves 
Theorem lA.ll □ 


For a complex number z = with r > 0 and </> € (—tt, tt], t he pr incip al squ are 
root is given by i/z = y/re^^. Recall the following functions in (4.16) and (4.17) of 
Theorem 14.41 

r(i-*s)r(f + *s) 

a{s) = -■ 


r(i -I- *s)r(| — is) 


and 


w{s, x) = 


yj — 1 


F ( —- + is, 1 + is; e 


-2x 


for s,x € [0, 00 ). 


Theorem A.2. For any function h G T^(0, 00 ) we have 


(A.2) 


r 

h{x) = / 
^0 


K{x,y)h{y)dy, 


where the kernel is given by 

1 /.oo 

(A.3) K{x,y) = — / iR.{a{s)w{s,x)w{s,y) + w{s,x)w{s,y)} ds. 
TT Jo 
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Proof. Suppose A is a complex number on the upper half plane, i.e., SA > 0. Denote 
a = ^\ — \ the principal square root of j — A, see also equation (4.1). Since a is 
not a real number, by Proposition |B.1| the two linearly independent solutions are 
given by 

ici(A,x) = + 

W2{X.x) = 

The Wronskian of wi and W 2 is given by 

W{wi,w2) = wi{X, x)dxW2{X, x) — W2{X,x)dxWi{X,x) = 2 a. 

Let 


Wa{X,x) = + o(A)'u ;2 

Wb{X,x) = wi 

with 

_ F(-|,-A+Q,l + a;l) _ r(l + a)r(| - a) 

F(-i,-i-a,l-a;l) “ r(l-a)r(|+a) 

then Wa is square integrable near x = 0. When x approaches oo we have the 
following expansions. 


wi{x)^e-°‘^ and W 2 {x) ^ 6°^^. 

Write = I — A = We have 9(a^) < 0 and then (f S (—tt, 0). It follows that 
^ € (—7r/2, 0) and a = i/r cos((/>/2) + ii/r sin((/)/2). So the real part 3?a > 0. It 
follows that any square integrable solution near a; = oo is a multiple of W},. 

We follow the construction in [J^ Section 12] (see also |Koj ). Take a regular 
point c G (0, oo) and consider the fundamental system ui(A,a;) and U 2 (X,x) with 
the following boundary conditions: 


Ui(X,c) = 1 

U2(X, c) = 0 

So the matrix {mjk{X)) is given by 
mii(A) = WaiX,c) 
m.2i(A) = WbiX,c) 


dxUi{X,c) = 0; 
dxU2{X,c) = 1. 


TOi2(A) = dxWa{X,c), 
m22{X) = dxWb{X,c) 


and 


m{X) = det{mjk) = W{wa,Wb) 

= W(wi + a[X)w2,'Wi) 

= -a{X)W{wi,W 2 ) 

^^ r(l + a)r(|-a) 

“r(l-a)r(|+a) 

= 2Q;a(A). 

The characteristic matrix {Gjk{X)) and the matrix function (pjkiX)) are defined for 
A € R as in [Jol Section 12]. If A < then a > 0 is a real number. So (rrijk) and 
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then {Gjk) are real matrices and thus pjk = 0 (j, fc = 1,2). Note that the discrete 


spectrum (Jd{A) is empty by Theorem A.l 
Let 


s = yA-J>0. 

Then we have a = —is and 

a(s^ + 1/4) = a(s), W2{s'^ + 1/4,a;) = w{s,x). 

For the fixed c S (0, oo), let 

bi{s)=w{s,c) and b2is) = da;w{s,x)\a;=c- 


Since wi{s^ + \,x) = W2(s^ + j,x) = w(s,x), we have 


61(5)62(5) - 61(5)62(5) = W{wi,W 2 ) = -2 z 5. 

Denote mjk(s'^ + 1/4) by mjk{s). Then we have 

/mii(5) mi2(5)\ _ /6i(5) + 0(5 )61(5) 62(5) + 0(5 )62(5)^ 


\rn2i{s) m22{s)J 


61(5) 


62(5) J ’ 


and 


771(5) = m{s^ + 1/4) = 2 isa{s). 
So the fundamental system is given by 

^ui(5,a;)^ 


.772(5, a;) 


7 


^-62(5) 62(5) \ /w(s,xy 


61(5) -61(5)/ \77;(5,a;)^ 


The characteristic matrix (Gjk) is given by 

i (bi{sf + a{s) |6 i( 5)|‘ 


Gii = 


Gi2 = 


G21 = 


G 22 = 


2 sa{s) 

i (bi{s) 62(5) + 0(5)61(5)62(5)^ 

250 ( 5 ) 

i (bi{s) 62(5) + 0(5)61(5)62(5)^ 
250(5) 

i (b2isf + a{s) 162(5)1^ 

250(5) 


and then 


Pn(5) = - (|6i(5)|V5i^ff 
TT \ 0(5) ^ 


P'l2(s)=p'2l(5) = 61(5)62(5) +^144 


61 ( 5 ) 62 ( 5 ) \ 


0(5) J 


1 / .. . .|2 , ^hisY 


^22(5) = - 162(5)1 +3?- 


1(5) 
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Note that |a(s)| = 1, so we have 

f ' f ^ bi\ fa fbi 62 
(Pjfc(s)) ^2/ Vl a ) (^61 62 

It follows that 

Yf uj{s,x)pjk{s)uk{s,y) = (mi M2) ^2) (u 2 


1 


( w { s , x ) w { s , x )) ■ 


bi fo Wa 1 

62 62 / U a 


bi 62 
bi 62 


Stts^ 

bi 

b2 -bi^ 

'-h 62 WM;(s,y)\ 

bi -bij \ w { s , y )) ■ 

A straightforward computation shows that the product of the five 2 x 2-matrices 
above equals to 

n fa 1" 


-4s^ 


1 a ) 


So we have 
2 


YMs,x)p'^,{s)uk{s,y) = ^{w{s,x) al)) {Zt]y)) 

= —^{ a { s ) w { s , x ) w { s , y ) -\- ' w { s , x ) w { s , y )} . 

TT 

Now the eigenfunction expansion follows from [Jol 12.10] or [Kol Theorem 1.13]. □ 


Appendix B. A second order linear ordinary differential equation 


In this section we solve equation Aw = \w given in (A.l) using special functions. 
First, let us recall the following special functions: 

• The hypergeometric function 

F (a, 6,c;z) = 2 ^ 1 ( 0 , &, c; z) 
solves the hypergeometric differential equation 

z(l — z)w"{z) -I- [c — (a -F 6 -F l)z] w'{z) — abw{z) = 0 
with constants a,b,c € C. 

• The associated Legendre functions Pf{z) and Q'fiz) solve the equation 


(1 — z ‘^) w "{ z ) — 2 zw '{ z ) + 
with constants pjV G C. 


2 1 


u(u+l)-^ 


' J { z ) = 0 


• The Jacobi polynomial ( z ) is a solution of the equation 

(1 — z ^) w ''{ z ) -F(/3 — a — (a-F/3-F 2)z) w '{ z ) + n(n + a-\-fi + l) w ( z ) = 0 
with positive integer n and constants a,/3 G C. 

For detailed discussions and properties of these special functions, see |DLMFj and 
|()LB(1| . 
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Proposition B.l. Let A € C. The general solution to the equation 

/ e4a: 1 \ 

(B.l) w"{x) + + Aj wix) = 0 


is given by w = ciWi + C 2 W 2 , where ci,C 2 £ C are constants, and wi and W 2 are 
defined for x G (0, 00 ) as follows: 

(1) If X = j — with non-integer a and a then we have 


wi{x) = 


W2ix) = 


^{l-a)x 

(g2a; _ X)5 
(l+a)x 


-F ( --+ 0,1 + 0 ;e 


-2x 


-F 


(g 2 a; _ 


2 ’ 2 
1 1 


o, 1 — a; e 


-2x 


(2) If X = j — mf with m = 0,1, 2 ,..then we have 


wi{x) 

W2{x) 

with 1 ^ 2 ( 0 ) = 0 and 

r(3/2 + TO) 


wi{x) = 


pm 
2 

QT 
2 


1 + 

1 - e- 2 ® 
1 + 

1 - e- 2 ^ 


r(3/2 - TO)r(l + m) (e2^ - 1)5 


/ 1 1 

rF —-+m, l + TO;e 


-2x 


Remark B.2. (a) In Case (1), if o = is is a pure imaginary number, then wi and 
W 2 are complex conjugate to each other. 

(b) In Case (1), if o = | + m with m = 1,2,3,... then the hypergeometric 
function F (—A, —1 — m, ^ — m; z) reduces to the Jacobi polynomial P“’^ as 


F 



(m + 1 )! 
(5 - rn)m+i 


m +1 


(l- 2 z). 


In particular we have F (—A, — 1 — ru, | — m; l) =0. 

(c) In Case (I), two linearly fundamental solutions can also be given by associated 

Legendre functions Pf and Qf. Note that in this case Qf is a linear combination 
2 2 2 
of wi(x) and W 2 (x) given in the proposition. 


Proof. We start with the first case as A = j — o^. Let 

(B.2) h{x) = e-“^ - l) ^ w{x). 

Then equation ( |B.1[ ) can be written as 

(B.3) (1 — h”{x) + 2(c — 1 — (a + b)e^^)h'{x) — 4:abe^^h{x) = 0, 

that is the hypergeometric DE in z = e^^ with a = —A+o, 6 = —A and c = o + 1. 
When o is not an integer, it has the fundamental solutions 

hfix) = e(i-2 “)-F(^-^,-^+a,l + a;e-2“^ 

h2{x) = e"F(^-^,-^-a,l-a;e-2") 
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with 


e £ (0,1]. Since a + 6 —c = —2 < 0, hi and ^2 ar e absolutely convergent at 
= 1, i.e., a; = 0. By the transformation formula (B.21, we have the fundamental 
solutions wi and W 2 in Case (1). 

When a = m with m = 0,1, 2,..let 

1 + 


2 = 


1 — e’ 


3^ G (1,00). 


Then equation (B.l) is equivalent to the following Legendre differential equation, 
(B.4) 


(1 - z^)w"{z) - 2zw'{z) + ^ 

Its fundamental solutions are given by associated Legendre functions PY^[z) and 

2 

Q'f{z) with the Wronskian 

2 

(-i)'"r(3/2 + TO) 


w(pr(z),Q?(z)) = 


(l-z2)r(3/2-TO) 


^ 0 . 


So we have 
wi{x) = 


PTiz) = 

2 i [6/1 — m) 2 

r(3/2 + TO) yzTT 


z-l 

r(3/2 - m) ^/2^(m + 1) + 1 

r(3/2 + TO) 


F ( +m, 1 + m; ^ 


z-l 


1 1 . -2x 

r(3/2-TO)r(l + TO) (e2^-1)5 V 2 2 ’ 

which agrees with the first solution in the previous case. The function QT(z) can 

2 

also be represented by hypergeometric function as 

yj 2 (x) = QT(z) 

2 

(_l)"i^^r(3/2 + to) — 1)t /m 3 TO 5 1 


2 v^ 


Z 2 


f+m 


F( ^ + 


Since z —)■ oo as a; —)■ 0, we have W2(0) = 0. 


□ 
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